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Why black strings?

Black holes in 4-dimension (3+1) is stable against perturbations.

However, situations in higher dimensions (> 4) are very different. For example,
instability of the Schwarzschild black strings in 5-dimension against linear
perturbations is shown by Gregory and Laflamme in 1993.

One of the open problems is the question of what happens to the unstable black string
solutions.

Various conjectures... But, study of the final end state and its nature requires full
non-linear evolutions. (e.g. Chopuik et al, 2003)

For AdS black strings, there are stable/unstable branches of black string solutions, and
linear stability analysis indicates that the unstable AdS black strings have rich
phenomenology (Hirayama and Kang 2001).

Negative cosmological constants seems to have stablizing effects

etc.

Our goal is to explore the final end state of AdS black strings and their nature.
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AdS black string solutions in 5d

We consider “AdS4-Schwarzschild black string” solution in 5d.

ds2 =
(l5/l4)2

sin2(z/l4)
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r
+ (

r
l4

)2
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dt2 +

dr2

1 − r0
r + ( r

l4
)2 + r2(dθ2 + sin2 θdφ2) + dz

The above metric satisfies the (5d) Einstein equations with negative cosmological
constant.

Gµν = −Λ5gµν

where Λ5 < 0 and (µ, ν) = 0, 1, 2, 3, 4. Note that Λn = −(n− 1)(n− 2)/(2l2n) for
n-dimension.

We make coordinate transformations to remove l4 and compactify along r-direction as
well. In “new” compactified coordinates (r = [0, π/2], z = [0, π]),

ds2 =
l25

sin2 z cos2 r
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+ sin2 rdΩ2
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AdS Black String in 5d

We further make a choice for time coordinate to cast the metric in the ingoing
Eddington-Finkelstein form (radial null geodesic) to remove coordinate singularity:

ds2 =
l25

sin2 z cos2 r
[−f1dt2 + 2(1 − f1)dtdr + (2 − f1)dr2 + sin2 rdΩ2

2 + cos2 rdz2]

where f1(r) is

f1(r) = 1 −
tan r0 cos3 r

sin r
dΩ2

2 = dθ2 + sin2 θdφ2
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Initial Data for Perturbed AdS Black String

First step in numerical simulations of 5d AdS black string is to set up initial data →
need to solve constraint equations.

We make the following choices:

Time symmetric initial data → Kµν = 0 → momentum constraint equations are
trivially satisfied.

We are left with Hamiltonian constraint equations (HCE), tt-part of Einstein equations,

(4)R+K −KµνKµν = 2Λ5

(4)R = 2Λ5

where (4)R is Ricci scalar on a 4-hypersurface.

Then, we follow York’s conformal procedure in the “4+1” context.
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Initial Data

Since we are concerned with setting initial data, set dt = 0 in the line element (ds) and
consider 4-metric only on 4-hypersurface:

ds2
(4) =

l25
sin2 z cos2 r

[(2 − f1)dr2 + sin2 rdΩ2
2 + cos2 rdz2]

We want to control the ammount of perturbation. So, we write, with the following
choice of the background metric, (4)g̃ab, ((a, b) = 1, 2, 3, 4),

ds2
(4) = ψ4(r, z)(4)g̃ab

= ψ4(r, z)H � 2
1

ˆ
(2 − f1)dr2 + sin2 rgθθ(r, z)dΩ2

2 + cos2 rdz2˜

where

H1(r, z) =
sin z cos r

l5

f1(r) = 1 −
tan r0 cos3 r

sin r

Then, we specify gθθ(r, z) and solve Hamiltonian constraint equations for ψ(r, z).
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Initial Data

Given the choice of ds2
(4) in the previous slide, HCE can be written as

∇̃a∇̃aψ + ψ� 1∇̃bψ∇̃bψ −
1
12

(4)
R̃ψ +

1
6

Λ5ψ5 = 0

where (a, b) = 1, 2, 3, 4. ∇̃a and (4)R̃ refer to 4-covariant derivative and 4-Ricci scalar
w.r.t to the background 4-metric, (4)g̃ab, respectively.

Perturbation (devitation) from the AdS black string solution is introduced via

gθθ(r, z) = 1 +A exp� (z −�= 2)2

�z 2 exp� (r −r 1)2

�r 2

where user specify A, δz, δr, r1.
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Sample Results

We solve HCE for ψ(r, z) on a computaional domain, (r, z), with a range
[ǫ, π/2 − ǫ] × [2ǫ, π − 2ǫ].

We use multigrid algorithm with second order finite differencing scheme.

Unigrid was used with resolutions, h ≡ 0.004375

Low resolution: dr = dz = h, with 257 × 513 grid points.

Medium resolution: dr = dz = h/2, with 513 × 1025 grid points.

High resolution: dr = dz = h/4, with 1025 × 2049 grid points.

Parameters used A = 0.2, δz = 0.1, δr = 0.1, r1 = 0.3, ǫ ∼ 0.17

r0 = 0.21. Grid in r-direction extends inside the Schwarzschild horizon.

Typical runs take just a few minutes on a few processors. 4 CPUs were used for the

sample runs.
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Results

Solution, ψ(r, z), for three resolutons: ψ(h), ψ(h/2), ψ(h/4).

Low res.:ψ(h) Medium res.:ψ(h/2) High res.:ψ(h/4)
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Results

d(h) ≡ ψ(h) −ψ(h/2) and d(h/2) ≡ ψ(h/2) −ψ(h/4). (Note change in color map scale)

d(h) d(h/2)
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Results

d(h)/4.0 and d(h/2). Second order convergence of the solution!

d(h)/4.0 d(h/2)
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Plans

Obviously, we are in a very early stage of the project.

A lot of issues to clarify/deal with.

Formulate evolution system of equations.

Coordinate choices.

Horizon finder.

Excision regridding.

Independent residual evaluator.

etc.

Early results on initial data encouraging, still long way to go!

But, potentially payoff is huge and computational costs are relatively cheap, or so I
hope!
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Thank you!
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